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What are we going to see today?

Describe(geometric properties|of sheaves ove attached to V-modules
W' ..., W" for V a vertex operator algebra of CoRfT-type.
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What are Vertex Operator Algebras of CohFT-type?

¥: Y~ End(v) (i)

i>o0
graded A > Amz T T A)
vector space state-field correspondence

e[Vo = 1C] Y(AB) € VI 2))

b {w(n), cyldy} = V|ﬂ CV:CLW\YWQ_ Chay
*(Vis C, cofinite Y/Co ) &mé GV = Apb f[MI}CL
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What do we mean by V-modules?

w=pw YW: vV — End(W)[[z+]
i>o
graded A YAz
vector space state-field correspondence
* Wy #0
o dim(W;) < o0

hd {(JJ(n @ldw} Vir

o AW W C W gega) D\ﬁ @dm\%lbl
* when W is simple{Lo,{w) = (deg(w) + aw)w

G Conf’ dm. € B

Cv = ceutrad cln(irje €@,
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Construction of V¢ p)(V; W) E space of counvorants

Main idea: V(¢ p)(V; W) is a quotient of W by a Lie algebra encoding the
geometrical input.

e A B@bm; W/ = C

V- L @) (W“ﬁ ®
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Construction of V¢ p)(V; W)

Main idea: V(¢ p)(V; W) is a quotient of W by a Lie algebra encoding the
geometrical input. S
[A] Construct a Lie algebra Lc\p(V) acting on W.

g D Tew o ()- HCR, 8w

l l/ ke Us expansionaly P P@
C oY) = HP(Dy /\Z@uo)
Vv
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Construction of V¢ p)(V; W)

Main idea: V(¢ p)(V; W) is a quotient of W by a Lie algebra encoding the
geometrical input.

[A] Construct a Lie algebra Lcp(V) acting on W.
[B] Define the space of coinvariants

W locat
Vicpi) (Vi W) = W' } o(a,,@«m]ﬂnw
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Construction of V¢ p)(V; W)

Main idea: V(¢ p)(V; W) is a quotient of W by a Lie algebra encoding the
geometrical input.

[A] Construct a Lie algebra Lcp(V) acting on W.
[B] Define the space of coinvariants

AW " C.P4
% Vil = ——— . Ma,n P A
el W= vy, 2
((MJ@\ j/—mRSOR
[C] Forget the coordinate tp and obtai@
—> deseent }76_5,14 C.p
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Some first properties [D - Gibney - Tarasca]

Under the assumptions that V is of CohFT-type and W', ..., W" are simple:

Geometric properties of sheaves of coinvariants and conformal blocks Chiara Damiolini



Some first properties [D - Gibney - Tarasca]

Under the assumptions that V is of CohFT-type and W', ..., W" are simple:
* The spaces V(cp,)(V; W', ..., W") fit together to define the sheaf
Vg(V; W', ..., W") over My ,, which is actually a vector bundle of finite rank.

[nmllg ff\m @w@ dim

deb (Y ) Luns unelles “
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Some first properties [D - Gibney - Tarasca]

Under the assumptions that V is of CohFT-type and W', ..., W" are simple:
* The spaces V(cp,)(V; W', ..., W") fit together to define the sheaf
Vg(V; W', ..., W") over Mg n, which is actually a vector bundle of finite rank.
* Vicp)(V; W, ..., W) are finite dimensional.  Cz-c Pndensy
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Some first properties [D - Gibney - Tarasca]

Under the assumptions that V is of CohFT-type and W', ..., W" are simple:
* The spaces V(cp,)(V; W', ..., W") fit together to define the sheaf
Vg(V; W, ..., W") over Mgy ,, which is actually a vector bundle of finite rank.
* Vicpy(V; W, ..., W") are finite dimensional.
e Factorization rules and the sewing theorem hold.

can uhdeystond WQMBUM(@ \Vo( ~
nudod wrimaliahon
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Some first properties [D - Gibney - Tarasca]

Under the assumptions that V is of CohFT-type and W', ..., W" are simple:
* The spaces V(cp,)(V; W', ..., W") fit together to define the sheaf
Vg(V; W', ..., W") over My ,, which is actually a vector bundle of finite rank.
A®Vip,)(V;W', ..., W") are finite dimensional.
e Factorization rules and the sewing theorem hold.
C® Vy(V; W, ...,W") is equipped with a twisted D-module structure with
logarithmic singularities along the boundary.

ic  goar. \\6 are Vb %& }smﬁv tauk over (Ulj "
L+ 9 Mgy
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Some first properties [D - Gibney - Tarasca]

Under the assumptions that V is of CohFT-type and W', ..., W" are simple:
* The spaces V(cp,)(V; W', ..., W") fit together to define the sheaf
Vg(V; W', ..., W") over My ,, which is actually a vector bundle of finite rank.
* Vicpy(V; W, ..., W") are finite dimensional.
e Factorization rules and the sewing theorem hold.
* Vg(V; W, ...,W") is equipped with a twisted D-module structure with
logarithmic singularities along the boundary.
* The assignment (g, W",...,W") — Ch(Vg(V; W",...,W")) defines a
semisimple CohFT.

o Relahow of CB with D-lchon
[\VO (Lelg),w—w") isjloballjgﬂ/\emlecﬂ
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Global generation
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Global generation

A vector bundle V on a variety M is globally generated if there exists a vector

space P and a surjective map
NSTANT
Co Siga

P® Oy

TV globally qen,  debCY)  deues maps Fon M — p"

\%
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Global generation

A vector bundle V on a variety M is globally generated if there exists a vector
space P and a surjective map

(P2 Ou

Theorem [Fakhruddin] The sheaves of coinvariants Vo(L,(g); W',...,W") are a
quotient of (M ® O, ,» hence they are globally generated.

\%
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Global generation

A vector bundle V on a variety M is globally generated if there exists a vector
space P and a surjective map

P® Oun

v v
Theorem [Fakhruddin] The sheaves of coinvariants VO(MQ); w',...,W") area
quotient of (Wg ® - - - ® Wg) ® O, , hence they are globally generated.

Theorem [D - Gibney] The sheaves of coinvariants Vo (V; W',... ,W") are a
quotient of (Wy ® - - - ® Wg) ® O, , hence they are globally generated if V is
strongly generated in degree 1.

V - < ) AC’J?.} n °A;M A l Aﬂ?)"e\/,, C}ne& >¢

-
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First example

V = L(3,0) so that Rep(V) = {L(3,0),L(3,3): L3, %)} = {V. W(3), W(55)}-
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First example
RTT—

V = L(3,0) so that Rep(V) = {L(3,0),L(3,3), L(3, 55)} = {V. W(3), W(5)}-
Over M, , there are only three sheaves with degree different from zero:

n
'lh
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First example

V = L(3,0) so that Rep(V) = {L(3,0),L(3,3), L(3, 55)} = {V. W(3), W(5)}-
Over M, , there are only three sheaves with degree different from zero:

bundle ‘ rank ‘ degree
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First example

V = L(3,0) so that Rep(V) = {L(3,0),L(3,3), L(3, 55)} = {V. W(3), W(5)}-
Over M, , there are only three sheaves with degree different from zero:

bundle ‘ rank ‘ degree

Vo(V:W().WELWELWE) | 1 | 2

Geometric properties of sheaves of coinvariants and conformal blocks Chiara Damiolini



First example

V = L(3,0) so that Rep(V) = {L(3,0),L(3,3), L(3, 55)} = {V. W(3), W(5)}-
Over M, , there are only three sheaves with degree different from zero:

bundle ‘ rank ‘ degree
Vo(ViW(3), W(3), W(3), W(3)) 1 2
Vo(ViW(3), W(3), W(5), W(5)) 1 1
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First example

V = L(3,0) so that Rep(V) = {L(3,0),L(3,3), L(3, 55)} = {V. W(3), W(5)}-
Over M, , there are only three sheaves with degree different from zero:

bundle rank degree
Vo(ViW(3), W(3), W(3), W(3)) 1 2
Vo(V;W(3), W(3), W(s), W(5)) 1 1
%’o(V; W(5) W(5), W(5), W(5)) 2 —1

ot e.e lll
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Second example

V =V with L = Ze lattice with (e,€) = 2 - 4, so that Rep(V,) = Z/8Z = {W;}/_,.
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Second example
V =V, with L = Ze lattice with (¢,¢) = 2 - 4, so that Rep(V,) = Z/8Z = {W;}]_..

The line bundle Vo (V; W,, W,, W,, W,) is not globally generated on M.
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Second example
V =V, with L = Ze lattice with (¢,¢) = 2 - 4, so that Rep(V,) = Z/8Z = {W;}]_..

The line bundle Vo (V; W,, W,, W,, W,) is not globally generated on M.

C1(VO(27 27 27 2))

4 4 A A 16 16 16
(%w + gt st %%) - (g(ﬁz,z][z,zl + g0kl t %5[2,2][2,2]> :
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Second example
2-2-%
V =V, with L = Ze lattice with (e e) = 24,50 that Rep(V,) = Z/8Z = {W;}_,
The line bundle Vo (V; WS, Wz, W2, W2) is not globally generated on M04
conf chin o} Wa oond d‘“"°3f Wy

f\’—/\
4 A 4 X 16
(%w + gt st %%) @[z 2)[2.2] + 5[2 2l[22] + 5[2 2P, 21>

C’l(VO(z? 2,2, 2))

(4 b 4 4 161616)__
deg(Vo(2.2,2,2)) = (A + 2 Ay By (10,18, 10) 4 5
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Comments on the proof — general setting

Theorem [D - Gibney] If V is strongly generated in degree 1, then the sheaves of coinvariants
Vo(V;W',...,W") are a quotient of (W} @ --- ® WZ) ® Og_ , hence they are globally generated.
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Comments on the proof — general setting

Theorem [D - Gibney] If V is strongly generated in degree 1, then the sheaves of coinvariants
Vo(V; W', ..., W") are a quotient of (W) ® --- ® W() ® Oy, hence they are globally generated.
N\, o,n
w
1. The map (Wo @ --- @ Wg) @ O — Vg(ViW', ..., W") is always defined.

b egrngeend
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Comments on the proof — general setting

Theorem [D - Gibney] If V is strongly generated in degree 1, then the sheaves of coinvariants
Vo(V;W',...,W") are a quotient of (W} @ --- ® WZ) ® Og_ , hence they are globally generated.

1. Themap (W§ @ --- @ Wg) @ Oy — Vg(V;W',...,W") is always defined. A, bl ma

2. Enough to show that /”\
chack

Wé@"'@Wg W oW —>V(C’p.,t.)(v; W1,...,Wn) S\fva

D ealL .

is surjective for every curve C of genus g.
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Comments on the proof — general setting

Theorem [D - Gibney] If V is strongly generated in degree 1, then the sheaves of coinvariants
Vo(V;W',...,W") are a quotient of (W} @ --- ® WZ) ® Og_ , hence they are globally generated.

1. Themap (W @ --- @ Wg) ® O — Vg(V; W',...,W") is always defined.

2. Enough to show that /_\

<)
Wg) ®- - Wg — WW" — V(C’p.,t.)(v; W1, R Wn)
Ww

is surjective for every curve C of genus g.
3. We need to show that: //lV\O{Uchoh ol dp?_rj ree"

w'8-- ow’ eW' = | )+ EQ\\D(V)°W.
d'@j:d o\ag cd
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Comments on the proof — main assumptions

Theorem [D - Gibney] If V is strongly generated in degree 1, then the sheaves of coinvariants
Vo(V; WT,...,W") are a quotient of (Wg ® - -- ® WG) ® Og_ , hence they are globally generated.
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Comments on the proof — main assumptions

Theorem [D - Gibney] If V is strongly generated in degree 1, then the sheaves of coinvariants
Vo(V; WT,...,W") are a quotient of (Wg ® - -- ® WG) ® Og_ , hence they are globally generated.

A. strongly generated in degree 1: we can assume that w = w' ® - - - ® w" has one component

u' uew

degwy—j AEVh andj >1
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Comments on the proof — main assumptions

Theorem [D - Gibney] If V is strongly generated in degree 1, then the sheaves of coinvariants
V;W',...,W") are a quotient of (Wg @ - -- ® WG) ® Og_ , hence they are globally generated.

c trongly generated in degree 1: we can assume that w :as one component

( w =AUl ' _u_ie Wigwi_; A€ Viandj>1

B. g=0: we can construct an element o € Lc\p, (V) such that

® op, = A_; + lower degree terms
® deg(op,) < deg(A) — 1 ori k.
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Comments on the proof — main assumptions

Theorem [D - Gibney] If V is strongly generated in degree 1, then the sheaves of coinvariants
Vo(V; WT,...,W") are a quotient of (Wg ® - -- ® WG) ® Og_ , hence they are globally generated.

A. strongly generated in degree 1: we can assume that w = w' ® - - - ® w" has one component

u' u e w

deg(wi)—j AcV,andj > 1

B. g=0: we can construct an element o € Lc\p, (V) such that
® op, = A_; + lower degree terms
® deg(op,) < deg(A) —1=o0fori #R.

Conclusion —
d T ... '...wM) < d —1
eg@a(w ® ®yf:_® W)>_ eg(w)
w
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Concluding comments

Can we identify exactly when coinvariants are globally generated and when
they are not?
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Concluding comments

Can we identify exactly when coinvariants are globally generated and when
they are not?

Quasi-Theorem [D - Gibney] Under the assumptions

* dim(W,) =1 forall i WO aw, — W (W)
e rank(Vo(V; W',...,W")) =1, )7
then Vo(V; W' ..., W") is globally generated over M, ,. P

%ln.u - Q‘?ﬂ Is Comwn, \/
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Thank you!
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